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Abst ract - -To  overcome the "order barrier" imposed by A-stability on linear multistep methods 
(LMMs), Usmani and Agavwal [1] had constructed a third order A-stabilized extended one-step 
method by coupling two LMMs. In the present paper, we introduce a class of extended one-step 
methods generalizing the method of Usmani and Agavwal. Methods of this class of orders three 
and four, which ave A- and/or L-stable, have been given previously in [2,3]. It is natural to ask 
the maximum attainable order for methods of this class, which are also A-stable or L-stable. The 
purpose of this paper is to show that the maximum attainable order of a method in this class is five. 
We derive fifth order extended one-step methods, and show the existence of sub-families of these 
methods which ave A-stable or L-stable; these methods ave illustrated by considering two numerical 
examples. 
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1. INTRODUCTION 
For the integrat ion of the initial value problem 
y' = f (x ,y) ,  y(a) = A, (1.1) 
it is wel l -known [4] that  the order of an A-stable LMM cannot exceed two. To overcome this 
"order barrier" imposed by A-stabil ity, Usmani and Agaxwal [1] had constructed an extended 
one-step th i rd  order A-stable method by coupling two LMMs (see Table 2.3, below). Later,  
Jacques [2] modif ied the method of Usmani  and Agarwal to obta in a th i rd order L-stable  method 
(see Table 2.4). Kondrat  and Jacques [5] gave extended two-step fourth order A-stable methods,  
after not ing that  extended one-step methods of order four are not possible. Chawla et al. [3] 
descr ibed fourth order extended one-step methods which are A- and/or  L-stable.  
In the present paper,  we introduce a class of extended one-step methods general iz ing the 
method of Usmani  and Agarwal [1]. It is natura l  to ask the max imum atta inable  order for 
methods of this class. 
The purpose of the present paper  is to show that  the maximum atta inable  order for methods 
of this class is five. We then show the existence of sub-famil ies of methods which are A-stable  or 
L-stable.  These methods are i l lustrated by considering two numerical  examples. 
The work of the first author was supported by Kuwait University research Grant SM 096. 
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2. A CLASS OF EXTENDED ONE-STEP METHODS 
In the following, let xn = a + n h, n = 0, 1, 2 , . . . ,  h = uniform step-length, Yn = y(xn), and 
A y.). 
For the differential equation in (1.1), consider the discretization [ m ] 
Y,~+I = Yn + h ao f,~ + c~1 f,~+l + ~_, c~3 fn+3 + tn(h). (2.1) 
j=2  
In order to make the discretization i (2.1) one-step, we introduce, for j = 2 , . . . ,  m - 1, 
yn+j = ~jo y,  + ~jl yn+l + h ~[jO fn "~-"[jl fnTl q- E~f jk  fnTk -{- Tnj(h ). (2 .2 )  
k=2 
(E/¢=2 = 0, if r < 2). 
We now define an extended one-step method of order m as follows. For j = 2 , . . . ,  m - 1, 
[ ] ~]n+j = t~jO Yn q- t~jl Yn+l + h "Yjo f,~ + 7jl fn+l "~- E ~[jk /n+k , 
k=2 
I m-1  
Yn+l = Yn + h ao fn + al fn+l + E aj ]~+j + Tn(h). (2.3) 
j=2  
Note that, while the method of Usmani and Agarwal [1] corresponds to m = 3, the methods of 
Jacques [2] and Chawla et al. [3] correspond to m = 3 and 4, respectively. In order to further 
discuss these methods, it is convenient to refer to a method defined by (2.3) (omitting Tn(h)) as 
shown in Table 2.1. 
Table 2.1. 
ot 0 Otl or2 
~2o ~21 ~'2o ~2~ 
/~30 ,~31 ")'30 ")'31 
: : : : 
,~rn-- 1,0 ,~ra-- 1,1 ")'m-- 1,0 "/m-- 1,1 
otto- 1 
~32 
" /m-  1,2 • • • "Trn- 1 ,m-2  
Usmani and Agarwal [1] had derived their extended one-step third order method by requiring 
that "rn2(h) = O(h4); this resulted in a uniquely defined method which is A-stable. Jacques [2] 
derived a family of third order methods by requiring that Tn2(h) = O(h3); this resulted in a one- 
parameter family of third order methods, and the free parameter is chosen to derive an L-stable 
method. Chawla et al. [3] obtained a two-parameter family of fourth order methods by requiring 
that ~'n2(h), Tn3(h) = O(h3), and gave sub-families of A-stable and L-stable methods. 
Extending these ideas, for the derivation of a method of order m defined by (2.3), we require 
that tn(h) = O(hm+l), while Tnj(h) = O(h m-l)  and Tn(h) = O(hm+l). Hence, from the first 
row listing ~'s and 3"s in Table 2.1, it is clear that the maximum attainable order of a method 
of this class cannot exceed five. 
We next list particular methods of this class of various orders which have been discussed 
previously. 
Second order  methods  (m = 2) 
Table  2.2. Wel l -known trapezoidal  rule [4]. 
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Th i rd  o rder  methods  (m -- 3) 
Table 2.3. A-stable method of 
Usmani and Agarwal [1]. 
__5 8 1 
12 12 12 
5 -4  2 4 
Four th  order  methods  (m = 4) Chawla et al. [3] 
Table 2.5. An A-stable method. 
9 19 5 1 
24 24 24  24 
5 -4  2 4 
28 -27 12 18 0 
Table 2.4. L-stable method of 
Jacques [2]. 
5 s 1 
12 12 12 
1 0 0 2 
Table 2.6. An L-stable method. 
9 19 5 ! 
24 24 24 24 
1 0 0 2 
1 4 1 2 - I  2 
3. DERIVAT ION OF EXTENDED 
ONE-STEP  F IFTH ORDER METHODS 
We next discuss the derivation of extended one-step fifth order methods. In order that  t~(h) 
in (2.1) be O(h6), we obta in  
251 323 11 53 19 
and a0 = 720' a l  = 360' ~2 - -  30 '  Ol3 = 360' C~4 -- 720' 
3 h6 y(6) + O(h7). (3.1) tn(h) = ~-6 
Next, we require that  in (2.2) each 
and obta in  
Tn,j(h) =O(h4) ,  j = 2,3,4,  
~2o=5,  ~21 =-4 ,  ,720 =2,  T21=4,  
1 h4y 4) + 2 hsy 5) o(h6), for 2; T=,2(h) = g ~-~ + j = (3.2) 
/~30 = 28 - 12,732, 
730 = 12 - 5 ,732  , 
1 732) h 4 y(4) 
/~31 : -27  + 12,732, 
,731 = 18 - 8,732, with ,732 free, 
13 
for j = 3; (3.3) 
/~40 = 81 - 12 ~/42 - -  36 743, /~41 = -80  + 12 ,742 --~ 36 ,743, 
740 = 36 - 5 ,742 - -  16 ,743, ")'41 = 48 - 8 742 - 21,743, with 742,743 free, 
( 1  5 )  (36  13 14 )h  5-(5) O(h6), for 4. Tn,4(h) = 6 -- ~ ,742 -- ~ 743 h 4 Y(n 4) + ~-~ ,742 - -  T ,743 Yn + J = 
(3.4) 
It  can be shown (we omit  detai ls) that  
h 5 
Tn(h) . . . .  (4) [2 - 106732 -4- 19"742 -4- 95,743] 1440 ~n sn 
h6 [ y(6) 
+ ~ 405 + gn y(5) (--390 -- 1378 ,732 + 247 ,742 + 1596 ,743) 
+ g,y(4) (--2010 -- 4770,732 + 1140742 + 5700,743) 
+ g2_yn(4) (--325 + 285,732 -- 95,742)] + O(h7), (3.5) 
of where we have set g = oy" 
2g:I0-G 
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Now, in order that Tn(h) in (3.5) be O(h6), we must have 
1 
742 = -~-~ (2 - 106732 + 95 743), (3.6) 
and then 
h°[  
Tn (h) - 21600 405 y(n 6) - 13 (32 + 83 743) gn y(5) + 30 (-71 + 53 732) gin y(4) 
+ 5(-63-49732+ 95 743) y(2 )] + o(hT), (3.7) 
where now, 732 and 743 are free parameters. We thus have a two-parameter family of extended 
one-step fifth order methods; in the following, we refer to this family of methods by M5(732,743). 
4. WEAK STABIL ITY  OF  THE METHODS 
We next consider obtaining sub-families of methods M5 (732, "~43) which are A-stable or L-stable. 
For the purpose, we consider the test equation 
y' = -Ay,  A > 0. (4.1) 
By applying a method of the family M5(732,743) to the test Equation (4.1), we obtain 
Yn+I = R(H) y,~, (4.2) 
where we have set H = £ h, 
R(H) -  N(H) D(H)' and (4.3) 
N(H) = 360 + H (-168 + 228743) + H 2 (30 - 114743 + 114732 743) 
-4- H 3 ( -2  + 19743) + H 4 ( -19 732 743), (4.4) 
D(H) = 360 + H(192 + 228743) + H 2 (42 + 114743 + 114732 743) 
+ H 3 (4 + 19 743 + 114 732 743) + H 4 (38 732 743). (4.5) 
For A-stability, we require [4] that 
IR(H)I < 1, VH > 0. (4.6) 
Further, for a one-step method to be L-stable, in addition to (4.6), we require [6] that 
lim IR(H)I = 0. (4.7) 
H---*oo 
We look for the simplest A-stable and L-stable methods from M5(732,743). From (4.4) and (4.5), 
we have 
D(H) + N(H) : 720 + H(24 + 456743) + H 2 (72 + 228?32 743) 
+ H 3 (2 + 38 743 + 114 732 743) + H4 (19 732 743), and (4.8) 
D(H) - N(H) :H  (360)+H 2(12 + 228743)+H 3 (6 + 114732 743) +H 4 (57732 743). (4.9) 
CASE (I). 743 = 0. 
In this case, both D(H) + N(H) > 0, for all H > 0, with ?32 free. Therefore, all methods 
of M5(732,0) are A-stable; however, no L-stable method exists. We choose ?32 : 0 and then 
Ms(0, 0) is an A-stable method. 
Table 4.1. A-stable method Ms(0, 0). 
251 323 
720 360 
5 -4  
28 -27 
1563 1544 
19 19 
11 53 19 
30 360 720  
2 4 
12 18 0 
694 928 2 
19 19 19 
Stabilized Extended One-Step Methods 83 
CASE (II). "/32 = 0. 
In this case, both D(H) ± N(H)  > 0, for all H > 0, provided 743 _> -(1/19). Therefore, 
all methods of M5(0,743), with 743 -> -(1/19), are A-stable. Next, it is easy to see, from (4.4) 
and (4.5), that a method is L-stable if we choose 743 = (2/19) .  
Table 4.2. L-stable method Ms(0, (2/19)). 
251 
720 
323 
360 
5 -4  
28 -27 
1611 1592 
19 19 
11 53 19 
30 360 720 
2 4 
12 18 0 
712 966 12 
19 19 19 
2 
19 
5.  NUMERICAL  I LLUSTRATIONS 
In this section, we illustrate the fifth order one-step methods Ms(0, 0) and M5 (0, (2/19)). For 
this purpose, we consider the following two problems. 
PROBLEM 1. 
y' = Y ln(y) ,  0.5 < x < 3, 
x 
y(o.5)  = e -1 ,  
with exact solution y(x) = e -2~. 
PROBLEM 2. 
y ,__  [ - -10  6 1 
13.5 -10 y'  0<x<l ,  
y(0) = , 
with exact solution r (e  +e-19 )1 
y(x )= L e(e -~-e  -19~) J" 
The numerical results for Problems 1 and 2 are shown in Tables 5.1 and 5.2, respectively, for 
the methods Ms(0, 0) and M5 (0, (2/19)). Also listed in these tables are the results corresponding 
to the third order A-stable method of Usmani and Agarwal [1], the third order L-stable method 
of Jacques [2], and the fourth-order A-stable and L-stable methods of Chawla et al. [3]. 
Table 5.1. Absolute errors at x = 3, for Problem 1. 
Present methods 
A-stable 
method 
of [1] 
L-stable 
method 
ot [2] 
A-stable 
method 
of [3] Ms(0, 0) Ms(0, 2 )  
h=0.1 1.4(-7) 1.4(-7) 8.1(-6) 4.9(-6) 2.7(-7) 8.7(-7) 
h----0.05 6.0(-9) 6.0(-9) 1.1(-6) 6.6(-7) 2.2(-8) 6.9(-8) 
Table 5.2. Absolute errors at x ---- 1, for Problem 2. 
Present methods 
L-stable 
method 
of [3] 
A-stable 
method 
of [1] 
4.4(-10) 1.5(-9) 
2.3(-10) 5.4(-10) 
L-stable 
method 
ot [21 
2.6(-5) 
4.0(-5) 
A-stable 
method 
of [3] 
9.2(-6) 
9.2(-6) 
Ms(0, 0) Ms(0, 2 ) 
1.2(-8) 7.7(-8) 3.9(-4) 7.1(--5) 5.5(-6) 2.1(-6) 
h=0.2  
9.8(-9) 3.0(-8) 2.6(-4) 1.2(-4) 3.8(--6) 3.1(-6) 
h=0.1  
9.8(-8) 
1.3(-7) 
L-stable 
method 
of [3} 
1.4(--7) 
2.0(--7) 
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